Exotic topological states of matter such as Floquet topological insulator or Floquet Weyl semimetal can be induced by periodic driving. This work proposes a Floquet semimetal with Floquet-band holonomy. That is, the system is gapless, but as a periodic parameter viewed as quasimomentum of a synthetic dimension completes an adiabatic cycle, each Floquet band as a whole exchanges with other Floquet bands. The dynamical manifestations of such Floquet-band holonomy are studied. Under open boundary conditions, we discover anomalous chiral edge modes localized only at one edge, winding around the entire quasienergy Brillouin zone, well separated from bulk states, and possessing holonomy different from bulk states. These remarkable properties are further exploited to realize quantized or half-quantized edge state pumping.
I. INTRODUCTION
It is more recognized than ever that exotic topological states of matter can be induced by periodic driving 1 . The resulting nonequilibrium phases, now termed as Floquet topological phases (FTPs), include Floquet topological insulator [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] , Floquet Weyl semimetal [17] [18] [19] , etc. The features of FTPs may go well beyond those familiar topological phases found in static systems [20] [21] [22] [23] . FTPs can also host fascinating edge modes [24] [25] [26] not seen before, thus challenging our understanding of bulk-edge correspondence in topological matter. Proof-of-principle experimental studies of FTPs have also attracted great interest [27] [28] [29] [30] [31] .
Let U be the one-period (T ) propagator of a periodically driven system. If U has an eigenvalue exp(−iφ), the associated quasienergy is E = φ T ( = 1 throughout). One key reason why FTPs can accommodate previously unknown physics is that E is defined only up to a Brillouin zone [− π T , π T ). That is, E itself is a periodic variable and can wind around the Brillouin zone. Indeed, precisely because of this, chiral edge states may coexist with topologically trivial bulk states 26 , and anomalous chiral edge states with opposite group velocities may emerge at the same edge in Floquet Chern insulators 21, 25 . The recent discovery of "anomalous Floquet Anderson insulator" (AFAI) 32 is again understood in terms of quasienergy winding (plus localization of bulk states).
In addition to quasienergy winding, periodically driven systems may possess exotic holonomy 33, 34 . Let U (λ) describe a class of Floquet propagators continuously parameterized by λ, with U (λ) = U (λ + 2π). With Floquet holonomy, the system emanating from one eigenstate of U (λ) may adiabatically evolve to another orthogonal state as λ slowly increases by 2π. That is, eigenstates of U (λ) may have made transitions even though U (λ) itself has returned. This remarkable phenomenon (much different from Berry phase or Wilczek-Zee phase) is still under investigation [35] [36] [37] . How such Floquet holonomy may lead to novel FTPs is the main motivation of this paper.
We start with an intriguing observation that each individual Floquet band as a whole can exchange with other Floquet bands if we tune λ → λ + 2π adiabatically. Such a behavior, called Floquet-band holonomy below, brings about a novel Floquet semimetal with vanishing indirect band gaps. Due to the Floquet-band holonomy, bulkstate geometrical charge pumping varies from cycle to cycle and induces population transfer within one unit cell. Using a simple model system under open boundary conditions, we also discover anomalous chiral edge modes localized only at one edge. They may wind around the entire quasienergy Brilloune zone and show holonomy behavior different from bulk states. This indicates a new face of bulk-edge correspondence. We further exploit the clear separation of the found anomalous edge modes from the bulk states to realize quantized or half-quantized edge state pumping.
II. A PERIODICALLY QUENCHED LATTICE MODEL
Consider noninteracting particles hopping on a onedimensional lattice. Each unit cell contains three sublattice sites A, B and C. Subject to periodic quenching (T = 1 in dimensionless units), the system is described by a piecewise constant Hamiltonian: 
n /ĉ n are creation/annihilation operators in A, B, and C sublattices in unit cell n. For the first half period, only an on-site potential of strength 2λ acts on sublattice A. Then the Hamiltonian is quenched toĤ 2 , which extends the Su-Schrieffer-Heeger (SSH) model 38 to a trimerization situation. √ 2(J + V ) and √ 2(J − V ) can hence be understood as intracell and intercell hopping amplitudes, with their relative strength modulated by V .Ĥ 2 may be simulated by cold atoms in optical lattices [39] [40] [41] [42] [43] [44] . The Floquet operator is simplŷ
ThoughĤ(t) is not periodic in λ,Û (λ) is apparently periodic in λ with period 2π, regardless of the boundary condition for the lattice dimension. One can then interpret λ as the quasimomentum along a synthetic dimension perpendicular to the lattice dimension. Experimentally, a synthetic dimension may be simulated by coupling internal states of cold atoms with Raman beams [45] [46] [47] [48] [49] [50] [51] .
III. FLOQUET-BAND HOLONOMY
Consider now the periodically quenched lattice under periodic boundary condition. The Floquet operatorÛ (λ) becomes diagonal in representation of quasimomentum k of the physical dimension. We choose the lattice constant to be unity such that k ∈ [−π, π). Directly solvinĝ we obtain band eigenstates |ψ j (k, λ) as well as the spectrum E j (k, λ) as a function of k, λ and the band index j. As a representative example, Fig. 1 depicts the obtained three Floquet bands for J = 1 and V = −0.5 (similar behavior can be observed for rather arbitrary values of J and V ). Two important observations can be made. First, at any individual λ, all the three bands are well gapped (hence adiabatic theorem applies). Second, there is no spectral gap at any given quasienergy E. This is so because at λ = ±π the top band smoothly connects the middle band and the middle band smoothly connects the bottom band. We hence identify the phase shown in Fig. 1 as a Floquet semimetal with a vanishing indirect gap (viewing λ as quasimomentum of a synthetic dimension). Second, tracking instantaneous E j (k, λ) with λ for a complete cycle of λ → λ + 2π, it is seen that each individual Floquet band as a whole undergoes an exchange with other Floquet bands. That is, after one adiabatic cycle, thoughÛ (k, λ) has returned to itself, an eigenstate |ψ j (k, λ) starting at any k and λ will adiabatically evolve to |ψ j (k, λ) , with j = j . In other words, eigenstates of U (k, λ) from one arbitrary band adiabatically following λ will collectively evolve to a different band. This hence generalizes the concept of exotic quantum holonomy from individual states to Floquet bands as a whole. Fig. 1 also indicates that, for any band eigenstate to go back to itself (up to a phase), one at least needs to execute three complete cycles in λ, i.e., λ → λ + 6π. 
IV. ADIABATIC DYNAMICS OF BAND EIGENSTATES
The Floquet-band holonomy may be detected by imaging the exchange of populations within one unit cell. If the system depicted in Fig. 1 is already prepared in a Floquet band eigenstate, then after one adiabatic cycle λ → λ + 2π, the resulting state should be orthogonal to the initial state, leading to detectable population transfer between sublattices. One simulation result for J = 1 and V = −0.5 is shown in Fig. 2 . The initial state is located on the bottom Floquet band (red star) in Fig. 2(a) . Its populations P A , P B and P C on sublattice sites A, B, and C are shown in Fig. 2(b) , with P A > P B > P C . After one adiabatic cycle, the system evolves to the middle band [magenta cross in Fig. 2(a) ], but now with P C > P B > P A shown in Fig. 2(c) . Consider a second adiabatic cycle, the system evolves to the top band [green triangle in Fig. 2(a) ] and the associated populations are shown in Fig. 2(d) , with P B > P C > P A . Only after a third adiabatic cycle, can all the sublattice populations return exactly to their initial values.
V. WANNIER STATE PUMPING
To further demonstrate Floquet-band holonomy, we consider geometrical adiabatic pumping starting from band Wannier states 52, 53 . The induced polarization change along the physical dimension (called x) can be connected with an integral of the Berry curvature of a Floquet band 6, 54, 55 . Here, a band Wannier state at λ = −π is prepared by uniformly superposing Bloch states with k = −π to k = π from one chosen band. We then slowly increase λ. Because the system is gapless, the associated Berry curvature integral of any Floquet band is not expected to be an integer. Indeed, as seen from the dynamics of wave packet center in Fig. 3 , the polarization change over one adiabatic cycle is not quantized, in full agreement with a direct calculation integrating the Berry curvature. Interestingly, as shown in Fig. 3 , no matter which band the initial Wannier state starts from, the pumping dynamics of the second or third cycles is different from that of the first cycle, a clear indicator of Floquet-band holonomy. Take the bottom band case as an example. During the first cycle (λ = −π → π), the wave packet center has always moved towards the −x direction. In the second cycle (λ = π → 3π), there is clearly an oscillation. The wave packet center returns to its initial position only after completing the third cycle. Because originally the Wannier state pumping dynamics is a manifestation of Berry-phase holonomy, the dynamics we present here reflects an interplay of Berryphase holonomy and Floquet-band holonomy. Recent realizations of Thouless's adiabatic pumping in optical lattices 56, 57 suggest that the simulation results reported here are already within reach of today's experiments.
VI. ANOMALOUS CHIRAL EDGE MODES
To further investigate the above-described Floquet semimetal, we diagonalizeÛ (λ) for open lattices. The associated quasienergy spectrum for different values of V and fixed J = 1 are shown in Fig. 4 , with bulk delocalized states represented by shaded areas. States sufficiently localized at the lattice edges are represented by lines. We find that anomalous edge modes (red dashed lines) can wind around the entire quasienergy Brillouin zone [−π, π) for V < 0 [see Fig. 4(a) and Fig. 4(b) ], whereas other edge modes (green dashed-dot lines) do not have this behavior. These anomalous edge modes, called winding edge modes below, are remarkable in at least three aspects. First, they appear only at one end of the open lattice, whereas the other end accommodates non-winding edge modes. Second, Fig. 4(a) indicates that there may or may not be Floquet edge mode holonomy. In particular, type-I edge mode [marked by "I" in Fig. 4(a) ] winds around the quasienergy Brillouin zone and returns to itself with λ → λ + 2π; by contrast, type-II edge mode [marked by "II" in Fig. 4(a) ] reaches an orthogonal state over one adiabatic cycle and it needs two adiabatic cycles to return to itself. Thus, both type-I and type-II edge modes differ in holonomy behavior from all bulk states that need three cycles to return to themselves. Third, it is possible for both type-I and type-II edge modes to be well separated from bulk states for the entire Brillouin zone of λ. However, type-I edge modes are more robust in this aspect. In particular, as V increases in Fig. 4(b) , it is seen that this noteworthy separation from the bulk persists for type-I edge modes, whereas type-II edge modes start to merge into the bulk once V is outside the range of −1.7 V −0.8. A careful inspection accounts for the robustness of type-I edge modes. That is, type-I edge modes achieve its winding by crossing the middle Floquet band at λ = 0, whose bandwidth turns out to be zero! In other words, such a crossing with a bulk band is "safe" because the bulk states tend to be localized and are in general far away from the edges.
We now turn to the case of V = 0 in Fig. 4(c) . There the three Floquet bands collapse to two and the abovedescribed anomalous edge modes disappear. This signals a topological phase transition. Indeed, beyond this critical point [illustrated in Fig. 4(d) ], for arbitrary positive V , these anomalous edge modes can no longer be found. Note in passing that one of the non-winding edge modes seen in Fig. 4(a) and Fig. 4(b) is a zero-quasienergy mode. Other non-winding edge states localized on the same edge are not zero modes, but also have insignificant dispersion. The coexistence of anomalous chiral edge modes with the zero modes or with the almost dispersionless edge modes is another interesting feature here.
VII. QUANTIZED OR HALF-QUANTIZED EDGE STATE PUMPING
To motivate experimental interest, we now illuminate the implication of the winding edge modes for charge pumping along the synthetic dimension. In particular, for either type-I or type-II edge modes, if they are well separated from the bulk for arbitrary λ, then all such edge states may be populated without exciting bulk states. Consider then an initial state that uniformly populates all the edge modes for the entire Brillouin zone of λ. The pumped charge Q in the synthetic dimension over one driving period is then given by:
where the group velocity operatorv λ (t) = ∂Ĥ(t)/∂λ, n l is the occupation of edge state |ψ l (0) at t = 0, and |ψ l (t) is the time-evolving state starting from edge mode |ψ l (0) . Using (7) and performing a time-integration, one has
where E c l is the quasienergy of edge mode l. Now if all type-I edge modes are uniformly populated, then the summation becomes
which equals precisely unity, the winding number of type-I edge modes. On the other hand, type-II edge modes have Floquet holonomy (different from the bulk). They need two adiabatic cycles to return to themselves and hence their effective winding number is 1/2. As such, if only one (e.g. upper) branch of type-II edge modes is uniformly filled, the pumped charge would be Q = 1/2. Our simulation results in Fig. 5 confirm these insights.
Specifically, Fig. 5(a) and 5(b) present lattice populations of type-I and type-II edge modes taken from Fig. 4(a) . It is seen that these states are always highly localized along the physical dimension. This feature is true for all values of λ, even at λ = 0, ±π where the edge modes have similar quasienergy values as bulk states. In Fig. 5(c) and 5(d) , we present the accumulated edge current over a period T by a direct use of Eq. (6). It is indeed seen that the pumping is quantized for type-I edge modes and half quantized for type-II edge modes. In actual experiments, one may simply start with one single populated edge mode and then tune λ "on the fly". The clear separation of the edge modes (type I or II) from bulk states guarantees that, one can tune λ → λ + 2π at a relatively fast rate (e.g., within tens of driving periods) and yet the system can follow instantaneous edge modes as λ varies (hence maintaining the chirality). As verified by our numerical experiments, the number of pumped charge per period in this protocol is also quantized or half-quantized.
VIII. CONCLUSIONS
We have proposed a Floquet semimetal, with Floquetband holonomy and anomalous winding edge modes. Winding edge modes can be always well separated from the bulk, for arbitrary quasimomentum values along a transverse (synthetic) dimension. The holonomy behavior of the winding edge states is counter-intuitively different from bulk band states. All these results are of experimental interest. We finally make a connection between this work with the discovery of AFAI 32 where quantized edge state pumping was first investigated. The Floquet semimetal studied here clearly shows that, even in the absence of any disorder, it is possible to have quantized or even half-quantized edge state pumping.
The intriguing interplay between Floquet topological phases and Floquet holonomy deserves further investigations. Theoretically, whether the chiral edge modes in the semimetal phase could be fully characterized by a winding number should be further studied. A systematic topological classification of our system is also an interesting topic. Experimentally, due to the successful engineering of several Floquet topological phases in coldatom and photonic systems 27,58 , we expect the proposed model here to be within reach of current quantum simulation technologies. Moreover, thanks to the remarkable separation between edge modes and bulk states, together with the already existing experimental setups for single bulk-state pump 55 , Thouless pump 56,57 and edge state visualization 29, 45, 46, 59 , it should be possible to detect the exotic quantum holonomy of bulk quasimomentum states, Wannier states and chiral edge modes in optical or photonic lattices.
